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Abstract
The prediction of turbulent boundary layer (TBL) flow over a convex surface as in aircraft
wings or gas turbine blades is a challenging problem. Finding a universal scaling law of turbulence
statistics of TBLs over a wide range of adverse pressure gradients (APG) remains unresolved.
Here, we introduce characteristic length and velocity scales for APG-TBLs and nondimensionalise
the turbulence statistics of the recent canonical self-similar APG-TBLs by Kitsios et al. (J. Fluid
Mech., vol.829, 2018, pp. 392–419). The characteristic length scale, which is termed the ‘shear
thickness’, δ∗, is defined as the location which corresponds to the end of an actively sheared region
in a turbulent shear flow, where the nondimensional shear rate normalised by the kinetic energy
and the dissipation rate is approximately constant. Next, we show an universal scaling using a
mixed velocity, termed the ‘friction-pressure velocity’, u∗, which is based on total shear stress. It
is revealed that the velocity fluctuations and the Reynolds stresses in TBLs over a wide range of
APGs agree well with those in TBLs with zero-pressure-gradient (ZPG). The present scaling is used
to scale the kinetic energy balance in TBLs, and compare them to other shear flows. Furthermore,
a scaling for small-scale properties, i.e. vorticities, using δ∗ and u∗ is also obtained assuming
the local equilibrium in the inertial range. The present scaling for wall-bounded shear flows,
including TBLs over a wide range of pressure gradients, implies that the underlying instantaneous
turbulence structures have common features under a proper scaling and is key to the development
and application of turbulent models.
I. INTRODUCTION
One of the most accepted universal scalings is the logarithmic law for the mean velocity
in the overlap region. The applicability of the log-law is, however, limited to simple flows,
and a more universal scaling law for the statistics of wall-bounded turbulent shear flows has
not yet been developed. Here we aim to extend such scaling laws for flows applicable to
flows such as for example, the turbulent wall-bounded flows over wings of aircraft, diffusers,
and blades of gas turbines. The prediction of flow separation of adverse-pressure-gradient
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turbulent boundary layer (APG-TBL) is a challenging problem and many aspects of tur-
bulent structures and the scaling of turbulence statistics in APG-TBL remain unresolved.
The canonical APG-TBL at the verge of separation is self-similar, in the sense that each
of the terms in the governing equations have the same proportionality with the streamwise
position [1–3]. Self-similar APG-TBLs have been approximately achieved in the recent di-
rect numerical simulations (DNS) [4–6] up to β ≈ 39, where β = (δ1/τw)P ′e is the Clauser’s
pressure gradient factor, δ1 is the displacement thickness, τw is the mean wall shear stress,
P ′e is the pressure gradient, and Pe is the far-field streamwise dependent pressure per an unit
density. They confirmed that the outer peaks of the velocity fluctuations show self-similar
collapse when using the characteristic length and velocity scale of the displacement (or mo-
mentum) thickness and the external velocity, respectively, since the upstream history effect
is minimised and the condition of self-similarity are satisfied within the domain of interest.
The lack of an universal definition for the characteristic thickness of APG-TBLs compli-
cates the comparison of different studies. Lighthill [7] and Spalart and Watmuff [8] used
the displacement thickness using the vorticity form in order to take into consideration the
streamwise gradient of the mean vertical velocity, which is not negligible under a strong
pressure gradient. However, the displacement thickness, δ1, does not work as a common
characteristic outer length scale of APG-TBLs over a wide range of β, since the ratio be-
tween the TBL thickness, for example δ99 (the distance from the wall at which the mean
velocity recovers 99% of the free-stream), and δ1 depends highly on β. Vinuesa et al. [9]
mensioned that δ99 does not represent the boundary layer thickness for β > 7. Alfredsson
and O¨rlu¨ [10] defined the edge of TBLs using the diagnostic plot concept, where 2% of the
mean streamwise velocity scaled by the shape factor is used. Gungor et al. [11] have tested
a mixing-layer-like scaling for a large-defect APG-TBL. Kitsios et al. [6] define the edge of
the boundary layer as the location where the mean vorticity is 0.2% of the mean vorticity
at the wall. None of the definitions of the boundary layer thickness, δ, are free from an
arbitrary choice of a threshold. It is also worth noting that a constant free-stream veloc-
ity is not achieved in any TBL, particularly in the case of an APG-TBL, and the concept
that a constant free-stream velocity exists is not appropriate. The measurement point of
the reference free-stream velocity somewhat affects the definition of δ99. In this sense, the
thicknesses of all TBLs are not consistent.
With respect to the scaling for velocities, the friction velocity, uτ , and length, ν/uτ , where
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ν is kinematic viscosity, are used as ‘wall-unit’ scaling for wall-bounded turbulence, and an
universal logarithmic (or exponential) profile of the mean streamwise velocity is observed.
Such an universal wall function in APG-TBLs is not fully understood, and a customised wall
function for each β is used. Zagarola and Smits [12] have shown a velocity scale for the mean
velocity deficit. However, it is not free from the definition of δ. The effect of the pressure
gradient, P ′e, should be taken into account for the proper scaling of statistics of APG-TBLs
over a wide range of β. One of the candidates for the characteristic velocity is the pressure
velocity, uP =
√
δP ′e, whose definition requires a characteristic thickness, δ. A proper
definition of δ paves a way for an universal scaling for the velocity fluctuations in APG-TBLs
using the friction and pressure velocity. Skote and Henningson [13] derived a mixed velocity
scale, u∗2 ≡ u2τ + u3ν(y/ν) and corresponding wall-normal coordinate y∗ = ν/u∗ with their
definition based on the uν ≡ (νP ′e)1/3 as in Tennekes and Lumley [14] and Townsend [1]. The
mean velocity in the viscous region was successfully scaled by the mixed velocity. However,
how the velocity fluctuations scale using the mixed velocity over a wide range of APG-TBLs
has not been shown, possibly because of the lack of universal definition for characteristic
outer-length scale over a wide range of APG-TBLs. Sekimoto et al. [15] investigated the
pressure gradient effects in a minimal-span Couette-Poiseuille system, where the large-scale
length is limited by the spanwise box dimension, and this parallel flow can be considered
as a model problem of the APG-TBL. It is revealed that the mixed-type velocity scale
which is attributed to the local total shear stress scales the velocity fluctuations in the outer
part of the parallel flow, implying that the mixed velocity is a good candidate to scale the
turbulence statistics under the effect of adverse pressure gradient. In APG-TBLs, however,
the outer-length scale should be rigorously determined in order to apply the mixed velocity
scale.
In this study, we propose a new characteristic length scale of TBLs and show an universal
scaling for the large- and small-scale properties, i.e. velocity fluctuations and enstrophy, in
order to compare zero-pressure-gradient (ZPG-) and APG-TBLs consistently. For a canon-
ical shear layer, the Corrsin shear rate parameter [16] is given by
Sc ≡ ∂U(y)
∂y
q2
|ε| , (1)
where ∂U/∂y is the mean velocity gradient, q2 = 2K, K is the mean kinetic energy and ε
is the pseudo-dissipation rate. Sc is approximately constant in y and has a similar value in
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the logarithmic layer of wall-bounded turbulence [17] and the statistically-stationary homo-
geneous shear turbulence (SS-HST) [18]. Turbulent structures in such constant shear-rate
regions of wall-bounded turbulent flows resemble unbounded homogeneous shear turbu-
lence [19]. The new ‘shear thickness’ presented in this study characterises the length scale
of an actively sheared region.
The small-scale properties (i.e. the vorticity magnitude with units of the inverse
of time) can also be properly scaled by using the shear thickness and mixed velocity
scale. Motivated by characterising turbulent/non-turbulent (TNT) interfaces, Borrel and
Jime´nez [20] proposed a self-similar scaling for the vorticity magnitude in ZPG-TBL, as
ω′ ∼ (δ+99)−1/2(u2τ/ν) =
√
Reτ (uτ/δ99), where δ
+
99 = Reτ is the boundary layer thickness
scaled in wall units, equivalent to the friction Reynolds number, Reτ based on δ99. In
an APG-TBL at the verge of separation, however, such wall-unit scaling is undefined. A
new scaling for vorticity in TBLs using the shear thickness and the friction and pressure
velocities, therefore, needs to be developed in order to encompass all TBLs from β = 0 to
∞.
The paper is organised as follows. In the next section §II, the present database of a ZPG-,
mild, strong APG-TBL [5, 6, 21] as well as turbulent channel flow [22] is summarised. The
definition of the shear thickness is introduced in §III, and applied to the characterisation of
the above database of wall-bounded turbulent shear flow. The velocity scales are introduced
and tested in §IV, and the proposed scaling is applied to the analysis of the mean velocity,
Reynolds stresses, and the kinetic energy balance. In the end of §IV, the self-similar scaling
for vorticity magnitude is presented for APG-TBLs over a wide range of β, and the discussion
with concluding remarks are presented in §V.
II. DATABASE OF WALL-BOUNDED SHEAR FLOWS
Table I shows the details of the databases of wall-bounded turbulent flows used in this
study. The axes in the streamwise, wall-normal and spanwise directions are x, y and z.
The corresponding velocity fluctuations with respect to the time-averaged mean (U , V ,
W ) are (u, v, w), and the mean vorticity has only the spanwise component, Ωz, with
W = 0. Throughout the paper, 〈·〉 represents the average in time and space, i.e. the
average in the homogeneous directions for channel flows, and the streamwise-dependent
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statistics of TBLs are averaged over the domain of interest where the flow has been shown
approximately self-similar. The notation used for the derivative operator is ∂i where the
subscript, i = x, y, z. The direct numerical simulation (DNS) of TBLs is performed with
a modified version of the code, OpenTBL, developed by Simens et al. [23], Sillero et al. [21]
and Borrel et al. [24]. A modified recycling method and far-field boundary conditions are
used for the APG-TBLs [5, 6]. Specifically, the mean pressure gradients for ZPG- and APG-
TBLs are controlled by imposing an x-dependent wall-normal velocity under the irrotational
boundary condition at the boundary y = Ly, where Ly is the height of the computational
box. From the irrotational condition, the gradients ∂yU and ∂xV at y = Ly are negative,
yielding a turning point in the mean velocity profile for all TBLs, although the turning point
is negligible for ZPG and becomes increasingly apparent as pressure gradient is increased.
It is appropriate to define the reference external velocity using the mean spanwise vor-
ticity [7, 8],
Ue(x) ≡ UΩ(x, ye), (2)
where
UΩ(x, y) ≡ −
∫ y
0
Ωz(x, y
′)dy′, (3)
and ye is defined as in Kitsios et al. [6] for their TBLs, and is replaced by the half channel
width, h, for channel flows (CH42) of Lozano-Dura´n and Jime´nez [22], and by δ99 for the
reference TBL (BL65) of Sillero et al. [21].
The displacement and momentum thickness are defined, respectively, by
δ1(x) =
−1
Ue
∫ ye
0
yΩz(x, y)dy, (4)
δ2(x) =
−2
U2e
∫ ye
0
yUΩΩz(x, y)dy − δ1(x). (5)
By using this velocity and outer scale, Ue and δ1, respectively, the turbulence statistics of
the mild and strong APG-TBL collapse within the domain of interest [6]. Since β drastically
affects the mean velocity profile, δ1 cannot be used as a consistent characteristic length scale
or thickness for all TBLs. Also, δ99 does not represent the boundary layer thickness for the
strong APG case as also observed by Vinuesa et al. [9]. Due to this, δ99 is not presented in
Table I.
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Case Lines & symbols ye/δ1 δ
∗/δ1 β
∗ Re∗P Re
∗
τ
strong APG —▽— 4.8 1.6 59 4200 550
mild APG —△— 4.5 3.3 3.4 1100 610
ZPG —◦— 6.3 4.9 0.01 120 990
BL65 — ·— 6.1 5.1 0.005 120 1630
CH42 – – – – 11.0 7.1 0 0 2700
TABLE I. The mean fraction of length scales for a ZPG-TBL (β ≈ 0) and self-similar TBL with a
mild (β = 1) [5] and strong APG (β = 39) [6] in the self-similar domain of interest. β represents
the pressure-gradient parameter [25]. ye is replaced by h for channels at Reτ = 4200 (CH42) [22],
and by δ99 for a ZPG-TBL at Reθ = 6500 (BL65) [21]. β
∗, Re∗P and Re
∗
τ are the rescaled pressure
parameter and the scaled pressure and friction Reynolds numbers, respectively.
III. LENGTH SCALE – ‘THE SHEAR THICKNESS’
A rigorous definition of the thickness is presented based on the nondimensional shear
rate [16], Sc = ∂U/∂y(q
2/|ε|), where q2 = 〈uiui〉 and ε = −ν〈(∂jui)(∂jui)〉 is the pseudo-
dissipation rate. Figure 1(a) shows the premultiplied form of Sc as a function of y/δ1 for
which the area below (yδ1)Sc corresponds to a nondimensional velocity in the semilogarith-
mic plot. All profiles have a clear single peak, and until the peak, Sc for each TBL and
channel flow exhibit roughly constant values in the outer layer (see figure 1b). Here, the
‘shear thickness’, δ∗, is defined as the distance from the wall to the peak. Within this region
the turbulent flow is actively sheared by the free stream. This definition does not rely on
any arbitrary choice of threshold like δ99, and it is applicable to the other configurations of
inhomogeneous shear turbulence. In the following, we rescale the self-similar statistics of
APG-TBLs using δ∗, in comparison with the ZPG-TBLs [6, 21] and channel databases at
Reτ ≡ uτh/ν ≈ 4200 [22], where h is the channel half width. The rescaling factor δ∗/δ1 is
summarised in table I.
As shown in figure 1(b), Sc in the outer layer (0.1 < y/δ
∗ < 1) of APG-TBLs is Sc ≈ 7–9,
in good agreement with both SS-HST [18] and in the logarithmic layer of channel flow [17].
Therefore, it is considered that the region y < δ∗ is an ‘active’ shear-driven layer, and the
region y > δ∗ is ‘inactive’ decaying turbulence.
Next, we further characterise the length scale in TBLs using δ∗. The Corrsin length scale,
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FIG. 1. (a) The premultiplied Corrsin shear parameter, Sc, in semi-logarithmic scale. The peak
position corresponds to the shear thickness, δ∗, which are shown by the dash-dotted line for each
case. (b) The same but as a function of y/δ∗ in the linear axis. —▽—, the logarithmic layer
(y+ > 100 and y/δ∗ < 0.3) for CH42 (for the clarity, only shown in (b)). (c) The Corrsin length
scale with respect to δ∗. (d) (Lc/η)Re
−3/2
λ . The horizontal dash-dotted line represents 0.033 of
SS-HST [19]. Lines and symbols are in table I and the vertical solid lines in (b–d) represent
y/δ∗ = 1.
Lc ≡ (|ε|/(∂yU)3)1/2, which is shown in figure 1(c), physically represents a local characteristic
large length scale, below which eddies are decoupled from the effect of the mean shear [16].
Recently, Dong et al. [19] have shown that Lc represents the characteristic length scale of
intense Reynolds stress structures both in wall-bounded channel flow and an unbounded
homogeneous shear flow. It increases linearly in the logarithmic layer of a turbulent channel
flow, and keeps increasing in the wake. On the other hand, Lc/δ
∗ is roughly 0.1 in the outer
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FIG. 2. Streamwise velocity fluctuation, 〈uu〉/U2e , as a function of (a) y/δ1 and (b) y/δ∗. Lines and
symbols are in table I and the vertical solid line in (b) represents y/δ∗ = 1. Only two APG-TBLs
and ZPG case are shown for the clarity in (a).
layer for ZPG-TBLs and APG-TBLs for 0.3 < y/δ∗ < 1, although a strong APG has a
tendency of decreasing Lc/δ
∗. For CH42, Lc/δ
∗ increases monotonically from 0.1 to 0.2 in
the range of 0.3 < y/δ∗ < 1, indicating that the internal nature of channel flow creates a
larger scale compared to TBLs.
The ratio of Lc with respect to the Kolmogorov length, η = (ν
3/|ε|)1/4, is shown in
figure 1(d), and it represents an effective Reynolds number, Lc/η ∼ Re3/2λ , where Reλ =
q2(5/3ν|ε|)1/2 is the Taylor micro-scale Reynolds number. In APG-TBLs, a strong inhomo-
geneity of scale separation is observed. Despite the wide range of β, however, all TBLs and
turbulent channel flow agree roughly with that in SS-HST, Lc/η ≈ 0.033Re3/2λ [19] on the
average in the active outer layer. The higher Reynolds number ZPG-TBL (BL65) shows
better agreements with homogeneous shear turbulence. As already noted in the previous
studies (e.g., [26]), sweeping motions are more dominant than ejections near the wall in
APG-TBLs. The near wall peak around y/δ∗ = 0.1 for APG-TBLs in figure 1(d) are con-
sequences of the sweeps which transport the outer information of large-scale structure to
near the wall, generating larger scale-separation near the wall. It is interesting that these
derivation occurs around the value of homogeneous shear turbulence. It should be noted
that Lc increases for y > δ
∗, since the mean velocity gradient decreases and the turbulence
is not actively self-sustained.
The streamwise-averaged velocity fluctuation, 〈uu〉/U2e is shown in Fig. 2, in which the
peak positions of velocity fluctuations are roughly at around y = 0.5δ∗ both for the mild
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FIG. 3. Streamwise averaged (a) 〈uu〉, (b) −〈uv〉, (c) 〈vv〉, and (d) 〈ww〉 scaled by u∗2. Lines
and symbols are in table I.
and strong APG-TBLs as in figure 2(b). This indicates that δ∗ represents the characteristic
length for TBLs.
IV. VELOCITY SCALES
The pressure velocity is re-defined using the ‘shear-thickness’ as u∗P =
√
δ∗P ′e. The
effect of the pressure-gradient is properly measured by using the rescaled Clauser’s pressure
gradient parameter, β∗ = β(δ∗/δ1) = (u
∗
P/uτ)
2 = (Re∗P/Re
∗
τ )
2, where the friction Reynolds
number, Re∗τ = uτδ
∗/ν and the pressure Reynolds number, Re∗P = u
∗
P δ
∗/ν are also defined
using δ∗. These quantities are listed in table I.
10
The mixed friction-pressure velocity introduced by [13] is expressed as,
u∗ =
√
u2τ + u
∗2
P
( y
δ∗
)
= uτ
√
1 + β∗
( y
δ∗
)
= u∗P
√
1
β∗
+
y
δ∗
. (6)
The definition of u∗ is attributed to the momentum balance equation. The momentum
equation for a simple parallel flow is given by,
d〈uv〉
dy
= −P ′e + ν
d2U
dy2
+ Fx, (7)
where Fx is the forcing term to drive the flow. When integrated from y = 0 to a particular
position y′ in the outer layer, the local total Reynolds stress balances as
− 〈uv〉+ νdU
dy
|y=y′ + Fxy′ = u2τ + u∗2P
(
y′
δ∗
)
≡ u∗2. (8)
For the zero-pressure-gradient case, the mean velocity profile normalised by ν and uτ
represents well-know overlap logarithmic layer between viscous sublayer and outer layer.
The logarithmic region, however, becomes shorter with increasing β∗ and almost disappears
for the strong APG case (see Appendix). In the incipient separation case, the friction
velocity (uτ ) is not defined, and the mean velocity normalised by uτ is undefined. While
the u∗-scaling can be applied even when uτ = 0 at the verge of separation (β → ∞) as it
smoothly switches from uτ to u
∗
P
√
(y/δ∗).
Figure 3(a–d) shows that u∗ scales the velocity fluctuations and the tangential Reynolds
stress quite well in the outer region. It should be noted that, since u∗ is a linear function in
y, the characteristic outer peaks of velocity fluctuations in APG-TBLs are eliminated and
the profiles agree with those of ZPG-TBLs. Above the viscous and buffer layer, −〈uv〉/u∗2
is linear for CH42, and shows a curve to satisfy the far-field condition ∂y〈uv〉 = 0 for TBLs.
There is, however, surprisingly good agreement in spite of the existence of the other terms
in the momentum equation for TBLs.
If u∗-scaling is applied to the analysis of the kinetic energy balance equation, the kinetic
energy production, Pk = −〈uiuj〉∂jUi, and the pseudo-dissipation rate, ε, are approximately
balanced for y < δ∗ as shown in figure 4. On the other hand, shear-induced turbulence
decays toward the irrotational flow boundary condition for y > δ∗. The u∗-scaling for Pk
and ε reveals the characteristic excess of the dissipation rate near the wall for strong APG-
TBL as in Bradshaw [27]. This is possibly due to sweep motions directly impacting on the
11
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FIG. 4. Premultiplied kinetic energy production (Pk) and pseudo-dissipation terms (ε), scaled by
u∗3. The symbols are in table I and the vertical solid lines in (b) represent y/δ∗ = 1.
wall, since there is no near-wall high-shear buffer layer region in the strong APG. The data
of turbulent channel flow (CH40 in figure 4) also shows a similar buffer-layer peaks in profiles
of Pk and ε to ZPG-TBLs.
The distribution of scaled dissipation rates resemble each other within a wide range of β
as in figure 4, indicating that the effect of adverse pressure gradients can also be eliminated
from the statistics of small scale properties, i.e. vorticity. The scaling of vorticity magnitude,
ω′ ≡ √ωiωi, in the turbulent outer region is estimated from the approximate energy balance
of kinetic energy (Pk ≈ −ε) and self-similar scaling, νω′2 ≈ −τ12(∂U/∂y) ∼ u∗3/δ∗, where
τ12 is the tangential Reynolds stress. We then have the following scaling for the vorticity
magnitude,
ω′ ∼
(
u∗3
νδ∗
)1/2
=
(
Re∗2/3p
[ y
δ∗
] [u∗P
δ∗
]4/3
+Re∗2/3τ
[uτ
δ∗
]4/3)3/4
, (9)
which leads to ω′ ∼√Re∗τ (uτ/δ∗) for ZPG-TBL (β∗ ≈ 0) as in [20], but using δ∗ instead of
δ99, and ω
′ ∼√Re∗P (u∗P/δ∗)(y/δ∗)3/4 for β∗ →∞. One of the applications of the proposed
scaling is the identification of turbulent/non-turbulent interfaces using the scaled vorticity
magnitude (or enstrophy) fields, which drastically decays in the inactive intermittent region
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given by y > δ∗.
V. SUMMARY AND DISCUSSIONS
The main motivation of the present study stems from a lack of universal scaling of the
statistics of adverse-pressure-gradient (APG) turbulent boundary layers (TBLs) over a wide
range of β. Neither the classical definition of the boundary layer thickness, δ99, nor any
thickness based on the integral of the mean velocity profile represents a characteristic length
scale in TBLs, in a consistent manner. Here, a new characteristic ‘shear thickness’, δ∗, is
introduced, which divides the outer layer of TBLs into an active and an inactive one. The
‘shear thickness’ is applicable to other inhomogeneous shear flows, not only wall-bounded
turbulence, but also free shear flows like jets and mixing layers. There are well-known
characteristic peaks of the velocity fluctuations in APG-TBLs, and their positions coincide
when they are scaled by y/δ∗ (see Fig. 2), implying that the present δ∗ successfully indicates a
characteristic outer-length scale over a wide range of APGs. The active outer layer y < δ∗ in
TBLs represents an approximately constant Corrsin shear-rate parameter, in which the local
mean shear contributes to the energy production and organisation of large-scale motions,
while, the inactive outer-outer layer y > δ∗ is attributed to be a region where shear-induced
turbulence is decaying and interacting with the free-stream. The Corrsin length scale, which
represents the local large length scale of shear-induced turbulence, is approximately 0.1δ∗
in the outer layer of TBLs over a wide range of β (see figure 1c). This also agrees well
with the top of the logarithmic layer of turbulent channel flow (y/δ∗ ≈ 0.3). The local scale
separation (Lc/η) normalised by Re
3/2
λ shows inhomogeneity in the outer layer of APG-
TBLs. However, there is still reasonable agreement with both the outer layer of turbulent
channel flow (0.3 < y/δ∗ < 1.0) and statistically-stationary homogeneous shear turbulence
[19]. This indicates that the largest scale motions, which determine the outer length scale,
are common in all turbulent shear flows.
The characteristic peaks of the velocity fluctuations in the outer layer of APG-TBLs
are disappeared by using the mixed friction-pressure scale, u∗ =
√
u2τ + u
∗2
P (y/δ
∗), which
is found to scale velocity fluctuations and Reynolds stresses in the outer-layer, 0.3 < y/δ∗,
for all TBLs (see figure 3), collapsing to the zero-pressure-gradient cases. The u∗-scaling
is used to characterise the kinetic energy equation of TBLs and channel flows. The kinetic
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energy production and dissipation rate are locally balanced and have similar distributions
for all TBLs and channel flow except for the near-wall excess of the dissipation rate in the
strong APG-TBL (see figure 4). The general form of the ‘star-unit’ scaling for the vorticity
magnitude in TBLs is also derived.
It has been shown that the APG effect is eliminated by the proper friction-pressure mixed
scaling in the outer layer, implying that there is a common mechanism in shear-induced
turbulent flows. There is an additional history effect in normal TBL flows, whose effects can
significantly impact on the statistics, and need to be clarified based on the present scaling as
a future work. We believe that the present scaling provides new physical insights applicable
to the development of turbulence models.
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Appendix A: Scaling for the mean velocity
In this section, in case that some readers might be interested in scaling the mean velocity
using the present outer length δ∗ and the corresponding velocity scales. Figure 5(a,b)
shows the mean velocity profile and the velocity deficit scaled by Ue and u0 = Ueδ1/δ
∗,
respectively. u0 is a bulk velocity, i.e. the flow rate divided by δ
∗, and is analogous to the
Zagarola-Smits scaling, UZS = Ueδ1/δ99 [12], but using δ
∗ rather than δ99. It appears to be
14
the appropriate velocity scale for the velocity deficit. The reason why this Zagarola-Smits
scaling works is explained in Wei and Maciel [28] for zero-pressure-gradient case. Lo¨gdberg
et al. [29] also shows the good collapse for the mean velocities with a wide range of pressure
gradient including separated flow.
Next, we show a couple of trials of the present u∗-scaling for the mean velocity profile
using the present database. As in Kitsios et al. [6], the mean velocity in the vicinity of the
wall can be expressed by U = (1/2ν)u∗2P (y
2/δ∗)+ (u2τ/ν)y, so that U/u
∗ = α2(yu∗/ν), where
α2 = (1 + u2τ/u
∗2)/2. The limits of the mean velocity profile in the vicinity of the wall are
α2 = 1 for the flow with ZPG (β = 0) and α2 = 1/2 for the flow at the verge of separation
(β →∞). This idea also covers the viscous layer of separated flow by using a negative value
of α. Figure 5(c) shows the mean velocity profile normalised by αu∗, where the distance
from the wall is normalised by l∗ν ≡ ν/(αu∗), i.e.
y
l∗ν
=
( y
δ∗
)√
Re∗2τ +
Re∗2P
2
( y
δ∗
)
. (A1)
At incipient separation (β → ∞), the so-called square-root profile [30] is represented as a
constant U/(αu∗) = 2/κ, where we used a typical value of the Ka´rma´n constant, κ ≈ 0.4 (see
the horizontal dashed line in figure 5(c)). The scaled mean velocity and scaled coordinate
enable a continuous plot for all APG-TBLs as in Fig. 5(c) within the range of U/(αu∗) < 30.
The inertial term (history effect), which is ignored in eq. (7) could be an important factor
to estimate the mean velocity profile. In this study, however, we leave such history effect
on the mean velocity as a future work, and further investigate the universal scaling of
turbulent statistics using u∗. Figure 5(d) is the mean velocity deficit scaled by αu∗(δ1/δ
∗).
The mean velocity in the viscous- and outer-layer appears to be scaled as in Fig. 5(c) and
(d), which might imply an overlap region for the mean velocity in APG-TBLs. There were
some proposals for the modification of logarithmic mean velocity profile using the pressure
gradient parameter [13], however, our experiments to obtain an generalised wall function over
a wide range of APG were not successful. The Reynolds number may not be high enough to
obtain the overlap region for all APG-TBL. Finding a generalised wall function over a wide
range of APG using u∗ and the corresponding length scale, ν/u∗, is an ambitious problem,
however, our experiments attempting to find an appropriate generalized wall function of the
mean velocity have not been successful. Therefore, the question of how the mean velocity
is determined by APG is still an open one.
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FIG. 5. Streamwise averaged (a) mean velocity scaled by Ue, (b) mean velocity deficit scaled
by u0 = Ue(δ1/δ
∗), The horizontal dashed line in (a) represents 0.99Ue. (c) Streamwise averaged
mean velocity scaled by αu∗ and ν/(αu∗). The black dash-dotted line represents the viscous limit,
U/(αu∗) = y(αu∗/ν), and the horizontal red dashed line represents U/(αu∗) = 2/κ. (d) The
velocity deficit (Ue−U) scaled by αu∗(δ1/δ∗) as functions of y/δ∗. Lines and symbols are in table I
and the vertical solid lines in (a, b, d) represent y/δ∗ = 1.
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